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Reminder

1 Solve problems: In total, 8 − 10 questions shall be solved.

2 one course project: Select 1 topic to conduct numerical experiment, and
write a short but complete report.

length: no requirement. 4-6 pages recommended.
problem description and goal
method and algorithm
details about numerical experiment

3 give a 5-10 min presentation.
Remark:

1 Two persons can work together on the course report. In this case, the
project should be more comprehensive. Each should contribute equally
to the experiment and to the writing.

2 General code of conduct for scientific writing applies (e.g. use of
materials of this course, online materials, and ChatGPT)!
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Part 1: Recall the previous lecture
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Generative modeling

Different approaches:

1 Variational AutoEncoders (VAEs)

2 Generative Adversarial Networks (GANs)

3 Normalizing Flows (NFs)

4 Diffusion generative models

5 Flow-matching generative models
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Score-based diffusion models

1 choose a forward process Xt
linear SDE =⇒ p(·,T ) is (approximately) Gaussian pprior.

2 learn SDE of the backward process Yt

3 generate new data: sample Y0 ∼ pprior and simulate the backward
process to get YT
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Flow-mathcing generative models

1 Target density p1 = ptarget on Rd .
2 Prior density p0 on Rd , typically a Gaussian density, is chosen.
3 Define p(·, t) as the probability density of

Xt = (1 − t)X0 + tX1 , where X0 ∼ p0 and X1 ∼ p1 . (1)

Idea: learn an ODE
dYt

dt
= u(Yt , t) , t ∈ [0,1] (2)

such that, when Y0 ∼ p0, then Yt ∼ p(·, t) for any t ∈ [0,1].
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Part 2: Denoising diffusion probabilistic models (DDPMs)
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Paper

citation statistics: > 23000.
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Basics

1 Gaussian density with mean µ ∈ Rd and covariance Σ ∈ Rd×d :

N (x ;µ,Σ) = (2π)−
d
2 (detΣ)−

1
2 e−

1
2 (x−µ)⊤Σ−1(x−µ) , x ∈ Rd . (3)

2 f : R → R is convex. Jensen’s inequality, for any g : Rd → R,

f
(
Eπ(g(x))

)
= f

(∫
Rd

g(x)π(x)dx
)
≤ Eπ

(
f (g(x))

)
. (4)

3 KL divergence

DKL(Q1 |Q2) := EQ1

(
log

Q1

Q2

)
. (5)

DKL(Q1 |Q2) ≥ 0
DKL(Q1 |Q2) ̸= DKL(Q2 |Q1)
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Markov chains
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Markov chains
1 Data distribution: q0(x)dx .

2 Forward process: x (1), . . . , x (N) ∈ Rd , given x (0) ∈ Rd . Joint probability:

q(x (1:N) | x (0)) =
N∏

k=1

q(x (k) | x (k−1)) ,

where the transition density is

q(x (k) | x (k−1)) = N (x (k);
√

1 − βk x (k−1), βk Id ) .

3 Reverse process:

pθ(x (0:N)) = p(x (N))
N∏

k=1

pθ(x (k−1) | x (k)) ,

where p(x (N)) is a prior, θ is parameter, and

pθ(x (k−1) | x (k)) = N
(

x (k−1);µθ(x (k), k),Σθ(x (k), k)
)
.

4 pθ(x (0)) =
∫

pθ(x (0:N))dx (1:N).
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Variational bound on negative log-likelihood

Using Jensen’s inequality for the convex function f (x) = − log(x),

Eq0

(
− log pθ(x (0))

)

=Eq0

[
− log

(∫
pθ(x (0:N)) dx (1:N)

)]
=Eq0

[
− log

(∫
pθ(x (0:N))

q(x (1:N) | x (0))
q(x (1:N) | x (0)) dx (1:N)

)]
≤Eq0

[ ∫
− log

( pθ(x (0:N))

q(x (1:N) | x (0))

)
q(x (1:N) | x (0)) dx (1:N)

]
=EQ

(
− log

pθ(x (0:N))

q(x (1:N) | x (0))

)
=EQ

(
− log p(x (N))−

N∑
k=1

log
pθ(x (k−1) | x (k))

q(x (k) | x (k−1))

)
=: L ,

(6)

where EQ is expectation w.r.t. the density q(x (0:N)) of the forward process.

Idea: optimize θ by minimizing the upper bound L.
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Analyzing L, (1)

Goal: to derive a simplified objective based on L.

Transition density of the forward process:

q(x (k) | x (k−1)) = N (x (k);
√

1 − βk x (k−1), βk Id ) .

Lemma
For k > 0, q(x (k)|x (0)) = N (x (k);

√
ᾱk x (0), (1 − ᾱk )Id ), where

αk = 1 − βk , and ᾱk =
k∏

i=1

αi . (7)

Proof.
Prove by induction.
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ᾱk x (0), (1 − ᾱk )Id ), where
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k∏

i=1

αi . (7)

Proof.
Prove by induction.

13 / 27



Analyzing L, (1)

Goal: to derive a simplified objective based on L.

Transition density of the forward process:

q(x (k) | x (k−1)) = N (x (k);
√

1 − βk x (k−1), βk Id ) .

Lemma
For k > 0, q(x (k)|x (0)) = N (x (k);

√
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Analyzing L, (2)
1 Variational bound: L = EQ

(
− log p(x (N))−

∑N
k=1 log

pθ(x (k−1) | x (k))
q(x (k) | x (k−1))

)
.

2 Bayes’ theorem P(A|B) = P(B|A)P(A)
P(B)

=⇒ q(x (k) | x (k−1)) = q(x (k−1) | x (k), x (0))
q(x (k)|x (0))

q(x (k−1)|x (0))
.

3 Decomposition of L:

Proposition

We have L = LN +
∑N

k=2 Lk−1 + L0, where

L0 =− EQ

(
log pθ(x (0)|x (1))

)
,

Lk−1 =EQ

[
DKL

(
q
(
x (k−1) | x (k), x (0)) ∣∣∣pθ

(
x (k−1) | x (k)))] , k = 2, . . . ,N ,

LN =EQ

[
DKL

(
q
(
x (N)|x (0)) ∣∣∣p(x (N))

)]
.
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Analyzing L, (3)
Transition density

q(x (k) | x (k−1)) = N (x (k);
√

1 − βk x (k−1), βk Id ) .

q(x (k)|x (0)) = N (x (k);
√
ᾱk x (0), (1 − ᾱk )Id ) ,

Bayes’ theorem:

q(x (k−1) | x (k), x (0)) = q(x (k) | x (k−1))
q(x (k−1)|x (0))

q(x (k)|x (0))

Putting together,

Lemma
We have q(x (k−1)|x (k), x (0)) = N (x (k−1); µ̃k (x (k), x (0)), β̃k Id ), where

µ̃k (x (k), x (0)) =

√
ᾱk−1βk

1 − ᾱk
x (0) +

√
αk (1 − ᾱk−1)

1 − ᾱk
x (k) ,

β̃k =
1 − ᾱk−1

1 − ᾱk
βk .

(8)
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ᾱk−1βk

1 − ᾱk
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Analyzing L, (4)

1 q(x (k−1)|x (k), x (0)) = N (x (k−1); µ̃k (x (k), x (0)), β̃k Id ).

2 Choices of pθ(x (k−1) | x (k)):

pθ(x (k−1) | x (k)) = N
(

x (k−1);µθ(x (k), k), σ2
k Id

)
,

where σ2
k = βk , or σ2

k = β̃k =
1−ᾱk−1

1−ᾱk
βk .

Lemma
For 2 ≤ k ≤ N, we have

Lk−1 =EQ

[
DKL

(
q
(
x (k−1) | x (k), x (0)) ∣∣∣pθ

(
x (k−1) | x (k)))]

=
1

2σ2
k
EQ

(∣∣µθ(x (k), k)− µ̃k (x (k), x (0))
∣∣2)+ C .

Conclusion: µθ(x (k), k) should predict µ̃k .
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1−ᾱk−1

1−ᾱk
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Analyzing L, (5)
1 Reparametrization:

q(x (k)|x (0)) = N (x (k);
√
ᾱk x (0), (1 − ᾱk )Id )

=⇒ x (k)(x (0), ϵ) =
√
ᾱk x (0) +

√
1 − ᾱkϵ , where ϵ ∼ N (0, Id ) .

2 q(x (k−1)|x (k), x (0)) = N (x (k−1); µ̃k (x (k), x (0)), β̃k Id ), where

µ̃k (x (k), x (0)) =

√
ᾱk−1βk

1−ᾱk
x (0) +

√
αk (1−ᾱk−1)

1−ᾱk
x (k).

Lk−1 − C

=EQ

( 1
2σ2

k

∣∣µθ(x (k), k)− µ̃k (x (k), x (0))
∣∣2)

=Ex(0),ϵ

[ 1
2σ2

k

∣∣∣µθ

(
x (k)(x (0), ϵ), k

)
− µ̃k

(
x (k)(x (0), ϵ),

1√
ᾱk

(
x (k)(x (0), ϵ)−

√
1 − ᾱkϵ

))∣∣∣2]
=Ex(0),ϵ

[ 1
2σ2

k

∣∣∣µθ

(
x (k)(x (0), ϵ), k

)
− 1√

αk

(
x (k)(x (0), ϵ)− βk√

1 − ᾱk
ϵ
)∣∣∣2] .

Hence, the parametrization: µθ(x (k), k) = 1√
αk

(
x (k) − βk√

1−ᾱk
ϵθ(x (k), k)

)
.
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1 − ᾱkϵ , where ϵ ∼ N (0, Id ) .

2 q(x (k−1)|x (k), x (0)) = N (x (k−1); µ̃k (x (k), x (0)), β̃k Id ), where

µ̃k (x (k), x (0)) =

√
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Analyzing L, (6)

Transition density:

pθ(x (k−1) | x (k)) = N
(

x (k−1);µθ(x (k), k), σ2
k Id

)
,

with µθ(x (k), k) = 1√
αk

(
x (k) − βk√

1−ᾱk
ϵθ(x (k), k)

)
.

Sampling x (k−1) ∼ pθ(x (k−1)|x (k)):

x (k−1) =
1√
αk

(
x (k) − βk√

1 − ᾱk
ϵθ(x (k), k)

)
+ σk z , where z ∼ N (0, Id) . (9)

Lk−1 − C =Ex (0),ϵ

[ 1
2σ2

k

∣∣∣µθ

(
x (k)(x (0), ϵ), k

)
− 1

√
αk

(
x (k)(x (0), ϵ)− βk√

1 − ᾱk
ϵ
)∣∣∣2]

=Ex (0),ϵ

[ β2
k

2σ2
kαk (1 − ᾱk )

∣∣ϵθ(√ᾱk x (0) +
√

1 − ᾱkϵ, k)− ϵ
∣∣2] .
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Loss and algorithm

Simplified loss:

Lsimple(θ) = Ek,x (0),ϵ

[∣∣ϵθ(√ᾱk x (0) +
√

1 − ᾱkϵ, k)− ϵ
∣∣2] . (10)

Algorithm Training
1: repeat
2: x (0) ∼ q0(x (0))
3: k ∼ Uniform({1,2, . . . ,N})
4: ϵ ∼ N (0, Id ).
5: take gradient descent step on
6: ∇θ

∣∣ϵθ(√ᾱk x (0) +
√

1 − ᾱkϵ, k)− ϵ
∣∣2

7: until converged
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Algorithm Sampling

1: x (N) ∼ N (0, Id )
2: for k = N, . . . ,1 do
3: z ∼ N (0, Id ) if k > 1, else z = 0
4: x (k−1) = 1√

αk

(
x (k) − βk√

1−ᾱk
ϵθ(x (k), k)

)
+ σk z

5: end for
6: return x (0)
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Part 3: Normalizing flows
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Idea

Express data x ∈ Rd as a transformation of (Gaussian) z ∼ pz(z).

1 “normalizing”: f−1 changes data distribution to normal distribution.
2 “flow”: f is often composition of f1, f2, · · · , fK .
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Change of variables

Let z ∼ pz(z) and x = f (z), where f : Rd → Rd is invertible and differentiable.
Then,

px(x) = pz(f−1(x))| det Jf−1(x)| . (11)

1 target p∗
x (x)

2 transformation x = f (z; θ).
Goal: to find θ such that px(x ; θ) is close to p∗

x (x).
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Loss function

px(x ; θ) = pz(f−1(x ; θ))| det Jf−1(x ; θ)|.

(forward) KL divergence:

DKL

(
p∗

x (x) | px(x ; θ)
)

=Ex∼p∗
x (x)

(
log

p∗
x (x)

px(x ; θ)

)
=− Ex∼p∗

x (x)

[
log pz(f−1(x ; θ)) + log | det Jf−1(x ; θ)|

]
+ C .

Training objective in practice:

Loss(θ) = − 1
N

N∑
n=1

[
log pz(f−1(xn; θ)) + log | det Jf−1(xn; θ)|

]
.
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Normalizing flow models

Requirements on f :
1 input and output dimensions are the same;
2 f is invertible;
3 computing f−1 and det Jf−1 is efficient.

If f1, f2, · · · , fK satisfy the above requirements, so does the composition
f = fK ◦ · · · ◦ f1, and

log | det Jf−1(x)| = log
∣∣∣ K∏

k=1

det Jf−1
k

(zk )
∣∣∣ = K∑

k=1

log | det Jf−1
k

(zk )| , (12)

where zK = x and zk−1 = f−1
k (zk ), k = K , . . . ,1.
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Nonlinear Independent Components Estimation
(NICE) model

x = (x1, x2) = f (z) is defined as

x1 =z1 ,

x2 =z2 + µθ(z1) ,

where z = (z1, z2), z1 ∈ Rd ′
and z2 ∈ Rd−d ′

, and µθ : Rd ′ → Rd−d ′
is a neural

network. The inverse of f is

z1 =x1 ,

z2 =x2 − µθ(x1) .

The Jacobian determinant of f is one.
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Real Non-Volume Preserving (RealNVP) model
x = (x1, x2) = f (z) is defined as

x1 =z1 ,

x2 =exp(σθ(z1))⊙ z2 + µθ(z1) ,

where ⊙ denotes elementwise product, and σθ, µθ : Rd ′ → Rd−d ′
. The

inverse of f is
z1 =x1 ,

z2 =exp(−σθ(x1))⊙ (x2 − µθ(x1)) ,

The Jacobian determinant is det Jf−1(x) = exp(−
∑d−d ′

j=1 (σθ(x1))j).
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