Denoising diffusion probabilistic models and
normalizing flows
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Reminder

@ Solve problems: In total, 8 — 10 questions shall be solved.

@ one course project: Select 1 topic to conduct numerical experiment, and
write a short but complete report.
@ length: no requirement. 4-6 pages recommended.
problem description and goal
method and algorithm
details about numerical experiment

@ give a 5-10 min presentation.
Remark:

@ Two persons can work together on the course report. In this case, the
project should be more comprehensive. Each should contribute equally
to the experiment and to the writing.

@ General code of conduct for scientific writing applies (e.g. use of
materials of this course, online materials, and ChatGPT)!
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Part 1: Recall the previous lecture
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Generative modeling

Different approaches:

@ Variational AutoEncoders (VAES)

@ Generative Adversarial Networks (GANSs)
@ Normalizing Flows (NFs)

© Diffusion generative models

@ Flow-matching generative models
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Score-based diffusion models

@ choose a forward process X;
linear SDE = p(-, T) is (approximately) Gaussian Pprior-

@ learn SDE of the backward process Y;

© generate new data: sample Yy ~ pyrior and simulate the backward
process to get Yr

Forward SDE (data — noise)

dx =f xtdt+g(t)dw4)@
) score function
(660 1)— (05 o) 0 @

Reverse SDE (noise — data)

?
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Flow-mathcing generative models

@ Target density p1 = Prarger ON RY.
@ Prior density py on R, typically a Gaussian density, is chosen.
@ Define p(-, t) as the probability density of

Xi=(1-1)Xo+tXy, where Xo ~ pp and X; ~ p1. (1)

Idea: learn an ODE
%—u(y t), tel0,1] )
dt - t 5 )

such that, when Yy ~ po, then Y; ~ p(-,t) forany t € [0, 1].
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Part 2: Denoising diffusion probabilistic models (DDPMs)

7/27



Paper

Denoising Diffusion Probabilistic Models

Jonathan Ho Ajay Jain Pieter Abbeel
UC Berkeley UC Berkeley UC Berkeley
jonathanho@berkeley.edu  ajayj@berkeley.edu  pabbeel@cs.berkeley.edu

Abstract

‘We present high quality image synthesis results using diffusion probabilistic models,
a class of latent variable models inspired by considerations from nonequilibrium
thermodynamics. Our best results are obtained by training on a weighted variational
bound designed according to a novel connection between diffusion probabilistic
models and denoising score matching with Langevin dynamics, and our models nat-
urally admit a progressive lossy decompression scheme that can be interpreted as a
generalization of auioregressive decoding. On the unconditional CIFAR10 dataset,
we obtain an Inception score of 9.46 and a state-of-the-art FID score of 3.17. On
256x256 LSUN, we obtain sample quality similar to ProgressiveGAN. Our imple-
mentation is available at https://github.com/hojenathanho/diffusion

citation statistics: > 23000.
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Basics

@ Gaussian density with mean ;. € R? and covariance ¥ € R9%¢:

d
2

N, X) = (2r) #(detT) 2 20w Z70-m) -y cRd . (3)
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Basics

@ Gaussian density with mean ;. € R? and covariance ¥ € R9%¢:

d
2

N(x;p,X)=(21)"

@ f:R — Ris convex. Jensen’s inequality, for any g : RY — R,

(Ex(90)) = 1( | 90)m(x)K) < B (g(x)))

@ KL divergence
Q

Di(Q1 | Q2) == Eq, (Iog 6) .

(] DKL(Q1 |02) 2 0
) DKLHQ1|Cb)3# EMI(Cb|(l)

(det Z)*%e*%(xf“)n:q(x*“) , X€ER.
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Markov chains

Palxi—1[xe)
O O @z —~Cp

ﬂxdm U
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Markov chains
@ Data distribution: go(x)adx.
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Markov chains

@ Data distribution: go(x)adx
n,.

@ Forward process: x( x(N) € RY, given x(©) € RY. Joint probability:

q 1N)|X k)le1

)

nzz

where the transition density is

g(x® | xE=Dy = M (xB: /T = Brex =1 Byly) .
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Markov chains

@ Data distribution: go(x)adx
n,.

@ Forward process: x( x(N) € RY, given x(©) € RY. Joint probability:

q k)le1

)

nzz

where the transition density is

g(x® | xE=Dy = M (xB: /T = Brex =1 Byly) .

© Reverse process:
po(xON) = )Hpa(x(k D x®y,

where p(xM)) is a prior, 6 is parameter, and
po (x| x(K)) = N(x(k_”;ue(x ),k),Zg(x(k)7k)) .
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Markov chains

@ Data distribution: go(x)adx
n,.

@ Forward process: x( x(N) € RY, given x(©) € RY. Joint probability:

q 1N)|X k)le1

)

nzz

where the transition density is

g(x® | xE=Dy = M (xB: /T = Brex =1 Byly) .
© Reverse process:
po(xON)y = )Hpa(x(k RIFGUN

where p(xM)) is a prior, 6 is parameter, and
po (x| x(K)) = N(x("_”;ue(x ),k),Zg(x(k),k)) .

Q po(x fpe ON) ax(:N),
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Variational bound on negative log-likelihood
Using Jensen’s inequality for the convex function f(x) = — log(x),

Eq, ( — log pe (X(O)))
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Variational bound on negative log-likelihood
Using Jensen’s inequality for the convex function f(x) = — log(x),

Ego ( — log PG(X(O)))
=Eq, [ — log (/,Dg(X(O:N)) dx“:N))]
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Variational bound on negative log-likelihood
Using Jensen’s inequality for the convex function f(x) = — log(x),

Ego ( — log PS(X(O)))
=Eq, [ — log (/,Dg(X(O:N)) dx(”\”)]

_ Pe(X(O:N)) (1:N 0 1:N
—%[-'%(/WQ(X 11 x®) ot ))}

12/27



Variational bound on negative log-likelihood
Using Jensen’s inequality for the convex function f(x) = — log(x),

Eqp (— log po(x©))

(-

[ tog ([ s ax)]

<o -t | Gty 4 o)
|

<Eq / (%)q(ww) X0 dx(”")}

:JE%
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Variational bound on negative log-likelihood

Using Jensen’s inequality for the convex function f(x) = — log(x),

po(x*N) (1) | (00 y(1:N)
S]EQO / - IOg (q(XUZN) | X(o)) ) q(X ‘ X ) ax ]

0 po(x*N) )

(
[
=Ha [ ~log ( / %Q(X“N) | x©) dx(”"))]
|
( °8 G x0)
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Variational bound on negative log-likelihood

Using Jensen’s inequality for the convex function f(x) = — log(x),

Eqo (— log po(x*))

/pe (XOM) g™ N))]

(-

5o [t

_ _Po(x'*M) (V) | (0 gy (1:N)

E"O[ (/ (1N|X0)q(X | X7 ax )]
[

<Eq, / (q(l)ﬂ(ef); |X) ))q(Xm:N)‘X(m)dX(tN)] 6)
)
@( 1N |x(°))>
—E I I p@ X(k " ‘X ) =L
(gt )z sl 405 W

where Eq is expectation w.r.t. the density g(x(®M)) of the forward process.

12/27



Variational bound on negative log-likelihood

Using Jensen’s inequality for the convex function f(x) = — log(x),

Eqo (— log po(x*))

/pe (XOM) g™ N))]

(-

5o [t

— _Po(xXM) ) | (0 gy (1)

E"O[ (/ (1N|X0)q(X | X7 ax )]
[

<Eq, / (q(l)ﬂ(ef); |X) ))q(Xm:N)‘X(m)dX(tN)] 6)
)
@( 1N |x(°))>
—E I I p@ X(k " ‘X ) =L
(gt )z sl 405 W

where Eq is expectation w.r.t. the density g(x(®M)) of the forward process.

Idea: optimize 6 by minimizing the upper bound L.
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Analyzing L, (1)

Goal: to derive a simplified objective based on L.
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Analyzing L, (1)

Goal: to derive a simplified objective based on L.

Transition density of the forward process:
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Analyzing L, (1)

Goal: to derive a simplified objective based on L.

Transition density of the forward process:

x| xU=D) = A (x®); /T = Bex 1, By1y).

Fork > 0, g(x®)|x©) = A (x®); \/axx© (1 — ax)ly), where
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ak=1— B, and O_c;(:HOz,'. (7)

i=1
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Analyzing L, (1)

Goal: to derive a simplified objective based on L.

Transition density of the forward process:

x| xU=D) = A (x®); /T = Bex 1, By1y).

Fork > 0, g(x®)|x©) = A (x®); \/axx© (1 — ax)ly), where

k
ak=1— B, and O_c;(:HOz,'. (7)

i=1

Prove by induction. O
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Analyzing L, (2)

@ Variational bound: L = EQ( —log p(x(M) — SN log %)
Q Bayes' theorem P(A|B) = P(B|A)25)

a(x|x)

(K) | y(k=1)y — (k=1) | (k) (0 2\~ 17 ")
= q(X ‘X ) = q(X |X » X )q(x(k,1)|x(o)) .
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Analyzing L, (2)

@ Variational bound: L = EQ( —log p(x(M) — SN log %)
Q Bayes' theorem P(A|B) = P(B|A)25)

a(x|x)

(K) | y(k=1)y — (k=1) | (k) (0 2\~ 17 ")
= q(X ‘X ) = q(X |X » X )q(x(k,1)|x(o)) .

@ Decomposition of L:

Proposition

\

We have L = Ly + > _o Lk—1 + Lo, where
Lo = — Eq logps(x@|x")),
Lk—1 =Eq [DKL(q(x("*” | (k)| x(©) ‘pg(x(k*” |x(k)))} ., k=2,....N,

Ly =Eq [DKL(Q(X(N)IX(O)) (P(X(N)))} :
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Analyzing L, (3)

Transition density

g(x® | x D) = N (xH; /T = Brext*D Bi1g) .
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Analyzing L, (3)

Transition density

g(x® | x D) = N (xH; /T = Brext*D Bi1g) .

g(xWx@) = N (x®; Vax©, (1 - an)lg),
Bayes’ theorem:
q(X(k*1)|X(O))

(k=1) | x(K) x(0)y = (k) | x(k=1)
q(X ‘X ) X )7q(X |X ) q(X(k)|X(0))
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Analyzing L, (3)
Transition density

g(x® | x D) = N (xH; /T = Brext*D Bi1g) .

g(x®x@) = N (xH; Vax©@, (1 — ala) ,

Bayes’ theorem:
k—1 0
GUxE1) | x0, x0)) — g(x#) | -1y X DIX)

q(R[x@)
Putting together,

We have g(x¢—1)|x®) x©) = N (x=1; [ (x(K), x(@), By14), where

(e, x) = Y2 =15k o) | VoK1 = Bkr) g
— Qg 1— ag

1— ay (8)

——‘5,(.

Br =

1 — ak




Analyzing L, (4)

Q@ g(x* =[x, xO) = N (x*=1; 7 (x0, x(0), Bylg).
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Analyzing L, (4)

Q g(xh=D|xt), x(@) = N (xk=; iy (xR, xO), BiTg).
@ Choices of py(xt-—1 | x(F):

Po(xk=1) | x0)) :N(X(kfﬂ;'uo(x(k)7k)’0ild> 7

where of = iy, or o = s = T
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Analyzing L, (4)

Q g(xh=D|xt), x(@) = N (xk=; iy (xR, xO), BiTg).
@ Choices of py(xt-—1 | x(F):

Po(xk=1) | x0)) :N(X(kfﬂ;'uo(x(k)7k)’0ild> 7

5 1—ae
where Ui = Pk, or U/% =k = 1fgk1ﬁk-

For2 < k < N, we have

L1 =Eq [DKL (q(x(k_1) | x4 x(©@) )pg (x*=1) |x(k)))}

1 ~ 2
:?‘EE@QMG(X(k)vk) — i (x10, x| ) +C.
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Analyzing L, (4)

Q g(xh=D|xt), x(@) = N (xk=; iy (xR, xO), BiTg).
@ Choices of py(xt-—1 | x(F):

Po(x=D 18 = A (5 (x 0, ), o1 )

where 02 = B, or 0F = Bk = 7o By

For2 < k < N, we have

L1 =Eq [DKL (q(x(k_1) | x4 x(©@) )pg (x*=1) |x(k)))}

1 - 2
ZEE@QM(X(”,M — k(x5 x| ) +C.

Conclusion: y(x"), k) should predict Jik.

16/27



Analyzing L, (5)
@ Reparametrization:

g(x®x@) = N (x®); /Eax©, (1 — &x)ly)

= X(k)(x(o), €)= Varx©® + /1 — ake, where € ~ N(0,1y).

Q g(x*=D|x0) xO) = N (x*=1); i (x0), xO), B,14), where
Tik(x x(K) X ) \/ak 1ﬁkx(0)+\/7(1 Gk )

1—ay

x5,
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Analyzing L, (5)
@ Reparametrization:

g(x®x@) = N (x®); /Eax©, (1 — &x)ly)
— xB(xO),¢) = VaxO + /T=Gge, where ¢ ~ N(0,1).

Q g(x*=D|x0) xO) = N (x*=1); i (x0), xO), B,14), where
,LLk(X(k) x( ) \/ak 1ﬁkx(0)+ Var(1—ak_ )X( ).

1—ay
Ly —C

1 -
=Eq (T'f 1o (x™), k) — i (x1, X(O))}z)

1 _ 1 2
:EX(O),E [T‘f‘“@ (X(k)(x(0)7 6)7 k) — Mk (X(k)(x(0)7 6)7 \/7&7 (X(k)(X(O)v E) - ﬂe)) ) :|
1

Jak

:EX(O)@[%‘NQ(XM)(X(O),GLK)_ ( (x©, ) - me)ﬂ.
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Analyzing L, (5)
@ Reparametrization:

g(x®x@) = N (x®); /Eax©, (1 — &x)ly)
— xB(xO),¢) = VaxO + /T=Gge, where ¢ ~ N(0,1).

Q g(x*=D|x0) xO) = N (x*=1); i (x0), xO), B,14), where
i(x(00, x(0)) = VI y(0) | /oG >x< ).

1—ay
Ly —C

1 ~
=gz 1o, )~ Be(x, X))

1 ~ 1 2
B0 [ 0 (O, 0. ) = (XU, = (O, ) = VT =) )]

Vak
1 1 2
B0 [ (6. 0) = (3060, - =[]
Hence, the parametrization: p(x), k) = ﬁ <x(") - %EQ(XU{), k)) :
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Analyzing L, (6)
Transition density:

po(x1 | x ) = N(X(k‘”;ue(x(k’, k)mfld) :

with 19(x10, k) = —L (x<k> — e (x ¥, k)).
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Analyzing L, (6)
Transition density:
po (x| x1) = N(X(k“);ue(X‘k’, k)m’ifld) :

with 19(x0), k) =

ag

1 k B k
f(x( )= (X! )vk))-
Sampling x®*=1) ~ py (x| x(k):

(k=1 _ 1 (X(k) B
v/ Ok \/ k

— 2o (xW, k)) + okz, where z ~ N(0,14) .
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Analyzing L, (6)
Transition density:
po (x| x1) = N(X(k“);ue(X‘k’, k)mild) :

with 19(x0), k) =

ak

1 k B k
S (3 = e (x0, K)).
Sampling x®*=1) ~ py (x| x(k):

k=1 _ 1 (X(k) B

Jar ﬁeg(x( )) + oxZ, where z ~ N(0,1y) . 9)

1
Lit = € = g (9. 0.0) — = (xO0) - )

|€9\/7X + 1—o¢kek—e}2}

]

32
o Erm =)
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Loss and algorithm

Simplified loss:

Lampe(8) = By 01 [|69(\/ax(°> /1~ age, k) — e|2] . (10)
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Loss and algorithm

Simplified loss:

Lsimple(a) = Ek,x<°),e [|69(@X(0) +4/1-= QkE, k) — €|2} .

Algorithm Training

1: repeat

2 X0 ~ go(x®)

3 k ~ Uniform({1,2,...,N})

4: €~ N(O, Id)-

5 take gradient descent step on

6 V@|69(\/O_Tkx(0)+\/1 —o_zke,k)—e‘Z
7:

until converged
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Algorithm Sampling

1 X(N) ~ N(O,Id)

2: for k N,...,1do

3 N(O,Id if k> 1, elsez_O

4: (k R \/LT(X(k ee(X(k k)) + okz
5: end for

6: return x(©
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Part 3: Normalizing flows
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Idea

Express data x € RY as a transformation of (Gaussian) z ~ p,(z).

o0 J 2o~ (o) 5~ e o~ pr(ax)
\ el
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Idea

Express data x € RY as a transformation of (Gaussian) z ~ p,(z).

fi(20) fil#i) Sina (=)
OE - O=E= - @
88 i e el
YA
ol 8@%5816{2 a

@ “normalizing”: f~' changes data distribution to normal distribution.
@ “flow”: fis often composition of f;, o, - - - , fx.
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Change of variables

Let z ~ p,(z) and x = f(z), where f : RY — R is invertible and differentiable.
Then,

Px(x) = pz(f~"(x))| det Jy— (). (11)
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Change of variables

Let z ~ p,(z) and x = f(z), where f : RY — R is invertible and differentiable.
Then,

Px(x) = pz(f~"(x))| det Jy— (). (11)

@ target pi(x)
@ transformation x = f(z; 9).
Goal: to find 6 such that px(x; @) is close to p;(x).
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Loss function

Pe(x:6) = p=(f " (x; 0)) | det Jy- (x; ).
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Loss function

Px(x:0) = pz(f~1(x: 0))| det Jp—1 (x; 6)].

(forward) KL divergence:

Dk (P5(x) | Px(x;6))

=Ex~p; (x) ( log p,:)z()((X;Q

= By {Iogpz(f’1(x; 0)) + log | det Jy1 (x; 0)|| + C.
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Loss function

Px(x:0) = pz(f~1(x: 0))| det Jp—1 (x; 6)].

(forward) KL divergence:
Dk (P5(x) | Px(x;6))

=Ex~pz () ( log Pl:)(()(( ;)>

= — Exupr(x) [Iogpz( ~(x;0)) + log | det Jy—1(x; 9)|] +C.

Training objective in practice:

N
Loss(6 ] Z {IogpZ Xn; 0)) + log | det J;—1 (Xn; 9)\} .

n:1
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Normalizing flow models

Requirements on f:
@ input and output dimensions are the same;
@ fisinvertible;
© computing 7~ and det J;-+ is efficient.
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Normalizing flow models

Requirements on f:

@ input and output dimensions are the same;
@ fisinvertible;

© computing 7~ and det J;-+ is efficient.

If fi, h, -, fx satisfy the above requirements, so does the composition
f=fgo---0ff,and

K K
log | det J;—1(x)| = log ‘ Hdet Jk71 (zk)‘ = Z log | det qu (z¥)], (12)
k=1 k=1

where zx = x and zc_1 = f, "(z), k=K,...,1.

Z 7 ZK-1
0 — T T — - — Tx — Zk

! |

log |detJ7, (zo)| + log|detJr,(z))| + - + log|detJr, (zx-1)| = log|detJr(zo)
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Nonlinear Independent Components Estimation
(NICE) model

x = (x1,X2) = f(z) is defined as

X1 =21,
Xo =23 + po(21),

where z = (21, 22), z1 € R? and zz € R~ and pp : RY — R4~ is a neural
network. The inverse of f is

Z1 =X1,

Zp =X — pg(X1).

The Jacobian determinant of f is one.
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Real Non-Volume Preserving (RealNVP) model

x = (x1,X2) = f(z) is defined as
X1 =21,
Xo =exp(o0(21)) © 22 + po(z1),

where ® denotes elementwise product, and oy, pig : RY — RI=9". The
inverse of f is
Z1 =X4 )

2o =exp(—09(X1)) © (X2 — pa(x1)),

The Jacobian determinant is det J;—1 (x) = exp(— 275 (06 (x1));).
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