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autoencoders
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Reminder

1 Exercises: solve 8 − 10 questions. Sumission deadline: 23.07.2025

2 Course project: Select 1 topic to conduct numerical experiment, and
write a short report. Submission deadline: 27.07.2025

3 give a 10-15 min presentation. Date: 11.07 or 18.07.

Remark:
1 Two persons can work together on the course report. In this case, the

project should be more comprehensive. Each should contribute equally
to the experiment and to the writing.

2 Code of conduct for scientific writing, e.g. use of materials of this course,
online materials, and ChatGPT!
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Plan for the next 3 weeks

Lectures:
1 02.07: transition pathways, string method.
2 09.07: transition pathway theory on graphs, committor.
3 16.07: summary

Practice:
1 04.07: numerical examples
2 11.07: numerical examples; presentation
3 18.07: presentation; discussion on exercises
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Machine learning tasks

1 Supervised learning

Dataset contains features and labels: D = {(xn, yn)}N
n=1.

1 Classification (pattern recognition)
2 Regression

2 Unsupervised learning

Data: D = {xn}N
n=1.

clustering: k-means
discovering latent structure: PCA
generative modeling
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ML package: scikit-learn
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Part 1: K-means clustering
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Clustering task

1 data points D = {x1, x2, . . . , xn} in Rd

2 goal: partition data into k sets S = {S1,S2, . . . ,Sk}

3 within-cluster sum-of-squares:

argmin
S

k∑
i=1

( ∑
x∈Si

|x − µi |2
)
= argmin

S

k∑
i=1

|Si |Var(Si) ,

where µi =
1

|Si |
∑

x∈Si
x is the mean (also called centroid) of points in Si .
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Clustering task
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Clustering task
1 within-cluster sum-of-squares:

argmin
S

k∑
i=1

( ∑
x∈Si

|x − µi |2
)
= argmin

S

k∑
i=1

|Si |Var(Si) ,

where µi =
1

|Si |
∑

x∈Si
x .

2 The identity

|Si |
∑
x∈Si

|x − µi |2 =
1
2

∑
x,y∈Si

|x − y |2 =
∑
x∈Si

|x |2 − (
∑
x∈Si

x)2 .

3 We have

argmin
S

k∑
i=1

( ∑
x∈Si

|x − µi |2
)

⇐⇒ argmin
S

k∑
i=1

1
|Si |

∑
x,y∈Si

|x − y |2 .

Hence, finding partition to minimize the pairwise squared deviations of points
within each cluster.
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k-means algorithm

Input:
1 the number of clusters k
2 initial centers m(1)

1 , . . . ,m(1)
k

Algorithm:
1 Assignment step: assigning each point x to the cluster with the nearest

center.

S(l)
i =

{
x ∈ D

∣∣∣ |x − m(l)
i | ≤ |x − m(l)

j |, ∀1 ≤ j ≤ k
}
. (1)

2 Update step:

m(l+1)
i =

1

|S(l)
i |

∑
x∈S(l)

i

x . (2)

Illustration: https://en.wikipedia.org/wiki/K-means_clustering
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k-means algorithm

within-cluster sum-of-squares:

argmin
S

k∑
i=1

( ∑
x∈Si

|x − µi |2
)
. (3)

Proposition
The objective (3) is non-increasing in the k-means algorithm.

Proof.
The update step and the assignment step imply

k∑
i=1

∑
x∈S(l)

i

|x − m(l)
i |2 ≥

k∑
i=1

∑
x∈S(l)

i

|x − m(l+1)
i |2 ≥

k∑
i=1

∑
x∈S(l+1)

i

|x − m(l+1)
i |2 .
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Remark

Algorithm:
1 Assignment step:

S(l)
i =

{
x ∈ D

∣∣∣ |x − m(l)
i | ≤ |x − m(l)

j |, ∀1 ≤ j ≤ k
}
. (4)

2 Update step: m(l+1)
i = 1

|S(l)
i |

∑
x∈S(l)

i
x .

Remark
1 The k-means algorithm may not be able to find the optimal partition.
2 The number of clusters k has to be chosen beforehand. The optimal

number of k needs to be determined, e.g. by comparing clustering results
obtained with different k.

3 The computational complexity is O(n × k × N), where N is the total
number of iterations.
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Part 2: Principal component analysis (PCA)
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Problem setup

1 data D = {x1, . . . , xn} in Rd , where d ≫ 1.

2 PCA aims at identifying a linear and orthogonal projection

f (x) = WW⊤x + b, ∀ x ∈ Rd , (5)

where W ∈ Rd×k satisfies W⊤W = Ik and b ∈ Rd .

3 criteria: reconstruction error

L(W ,b) =
1
n

n∑
i=1

|xi − (WW⊤xi + b)|2 . (6)
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Illustration
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Simplification by removing b

1 Reconstruction error: L(W ,b) = 1
n

∑n
i=1 |xi − (WW⊤xi + b)|2.

2 Clearly, the optimal b is

b =
1
n

n∑
i=1

(xi − WW⊤xi) = x̄ − WW⊤x̄ , where x̄ =
1
n

n∑
i=1

xi . (7)

3 Hence
f (x) =WW⊤x + b = WW⊤(x − x̄) + x̄ ,

L(W ) =
1
n

n∑
i=1

|(xi − x̄)− WW⊤(xi − x̄)|2 ,
(8)

under the constraint W⊤W = Ik .

Goal: find W that minimizes L(W ).
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Expression of L(W )

Using W⊤W = Ik and tr(AB) = tr(BA), we can derive

L(W ) =
1
n

n∑
i=1

|(xi − x̄)− WW⊤(xi − x̄)|2

=
1
n

n∑
i=1

(
|xi − x̄ |2 − 2(xi − x̄)⊤WW⊤(xi − x̄) + (xi − x̄)⊤WW⊤(xi − x̄)

)
=

1
n

n∑
i=1

(
|xi − x̄ |2 − (xi − x̄)⊤WW⊤(xi − x̄)

)
=

1
n

n∑
i=1

|xi − x̄ |2 − 1
n

n∑
i=1

tr
(

W⊤(xi − x̄)(xi − x̄)⊤W
)

=
1
n

n∑
i=1

|xi − x̄ |2 − tr(W⊤Σ̂W ) ,

where Σ̂ = 1
n

∑n
i=1(xi − x̄)(xi − x̄)⊤.
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Expression of L(W )

To summarize, we have obtained the following result.

Proposition

L(W ) =
1
n

n∑
i=1

|(xi − x̄)− WW⊤(xi − x̄)|2 =
1
n

n∑
i=1

|xi − x̄ |2 − tr(W⊤Σ̂W ) .

where Σ̂ the empirical covariance matrix

Σ̂ =
1
n

n∑
i=1

(xi − x̄)(xi − x̄)⊤ ∈ Rd×d . (9)

19 / 30



Reformulation

1 Minimizing L(W ) is equivalent to solving

max
W∈Rd×k ,W⊤W=Ik

tr(W⊤Σ̂W ) . (10)

2 Denote by W1, . . . ,Wk ∈ Rd the column vectors of W . Direct computation
shows that

tr(W⊤Σ̂W ) =
k∑

i=1

W⊤
i Σ̂Wi ,

W⊤W = Ik ⇐⇒ W⊤
i Wj = δij , ∀1 ≤ i , j ≤ k .

3 Therefore, (10) is equivalent to

max
W1,...,Wk∈Rd

k∑
i=1

W⊤
i Σ̂Wi , subject to W⊤

i Wj = δij , ∀1 ≤ i , j ≤ k .
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Maximization task

max
W1,...,Wk∈Rd

k∑
i=1

W⊤
i Σ̂Wi , subject to W⊤

i Wj = δij , ∀1 ≤ i , j ≤ k . (11)

1 Σ̂ = 1
n

∑n
i=1(xi − x̄)(xi − x̄)⊤ is symmetric.

2 Σ̂ is semi-positive definite, since

v⊤Σ̂v =
1
n

n∑
i=1

v⊤(xi − x̄)(xi − x̄)⊤v =
1
n

n∑
i=1

|(xi − x̄)⊤v |2 ≥ 0 , ∀ v ∈ Rd .

Eigenvalues of Σ̂ are real and non-negative.
3 The maximum of (11) is achieved when W1, . . . ,Wk are the k (pairwise

orthogonal and normalized) eigenvectors of Σ̂ corresponding to the
largest k eigenvalues.
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PCA algorithm

Based on previous analysis, we summarize the algorithm of PCA as follows.

1 Compute Σ̂ = 1
n

∑n
i=1(xi − x̄)(xi − x̄)⊤, where x̄ = 1

n

∑n
i=1 xi .

2 Compute eigenvectors W1, . . . ,Wk corresponding to the k largest
eigenvalues of Σ̂, so that W⊤

i Wj = δij for i , j = 1, . . . , k .

3 Let W ∈ Rd×k be the matrix whose column vectors are W1, . . . ,Wk .

Once W is computed, we obtain the linear projection

f (x) = WW⊤(x − x̄) + x̄ , x ∈ Rd .
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PCA algorithm by SVD decomposition

1 Data matrix X ∈ Rn×d , whose i th row is xi − x̄ . Then,

Σ̂ =
1
n

n∑
i=1

(xi − x̄)(xi − x̄)⊤ =
1
n

X⊤X .

2 SVD decomposition of X = UΛV⊤, where
1 U ∈ Rn×n satisfies U⊤U = In
2 Λ ∈ Rn×d is a rectangular diagonal matrix with positive numbers
3 V ∈ Rd×d satisfies V⊤V = Id .

3 Σ̂ = 1
n X⊤X = 1

n V (Λ⊤Λ)V⊤, where Λ⊤Λ ∈ Rd×d is a diagonal matrix.

Therefore, we can construct W by selecting column vectors of V
corresponding to the k largest singular values.
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Part 3: Autoencoders
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Autoencoders

1 Autoencoders find a low-dimensional representation of data using a
nonlinear projection ξ : Rd → Rk .

2 Dimension k : latent dimension or bottleneck dimension.

3 Autoencoder is a function of the form f = φ ◦ ξ, where ξ : Rd → Rk is an
encoder and φ : Rk → Rd is a decoder.

4 The autoencoder is optimized by minimizing the reconstruction loss

L(ξ, φ) =
∫
Rd

|φ(ξ(x))− x |2 dµ = Ex∼µ|φ(ξ(x))− x |2 , (12)

where µ is the data distribution.
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Autoencoders and PCA
1 Given the data set D = {x1, . . . , xn}, the empirical loss function is

L̂(ξ, φ) = 1
n

n∑
i=1

|φ(ξ(xi))− xi |2 .

2 PCA is recovered, with a linear encoder and a linear decoder chosen as

ξ(x) = W⊤x , φ(z) = Wz + b,

where W ∈ Rd×k , b ∈ Rd , and W⊤W = Ik .

3 In general, learning autoencoders can be viewed as a nonlinear
generalization of PCA.
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Illustration

d = 2 and k = 1. In this case, ξ : R2 → R and φ : R → R2.

27 / 30



Characterization

We want to study the minimization task with loss

min
ξ

min
φ

Ex∼µ|φ(ξ(x))− x |2 . (13)

We use the following two facts.
1 Law of total expectation:

Ex∼µ

(
|φ(ξ(x))− x |2

)
= Ez∼µ̃

[
Ex∼µ

(
|φ(ξ(x))− x |2

∣∣∣ ξ(x) = z
)]

,

where µ̃ is the distribution of z = ξ(x).

2 For a fixed z ∈ Rk , we have

min
x′∈Rd

Ex∼µ

(
|x ′ − x |2

∣∣∣ ξ(x) = z
)
= Varx∼µ

(
x
∣∣ ξ(x) = z

)
,

and the minimum is attained when x ′ = Ex∼µ(x | ξ(x) = z).
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Characterization (1)
By first optimizing φ, we derive

min
ξ

min
φ

Ex∼µ|φ(ξ(x))− x |2

=min
ξ

min
φ

Ez∼µ̃

[
Ex∼µ

(
|φ(ξ(x))− x |2

∣∣ ξ(x) = z
)]

=min
ξ

min
φ

Ez∼µ̃

[
Ex∼µ

(
|φ(z)− x |2

∣∣ ξ(x) = z
)]

=min
ξ

Ez∼µ̃

{
min
φ(z)

[
Ex∼µ

(
|φ(z)− x |2

∣∣ ξ(x) = z
)]}

=min
ξ

Ez∼µ̃

[
Varx∼µ(x | ξ(x) = z)

]
.

Proposition

min
ξ

min
φ

Ex∼µ|φ(ξ(x))− x |2 = min
ξ

Ez∼µ̃

[
Var(x | ξ(x) = z)

]
.

Moreover, for a fixed encoder ξ, the optimal decoder is given by

φξ(z) = Ex∼µ(x | ξ(x) = z) , ∀ z ∈ Rk . (14)
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Ex∼µ|φ(ξ(x))− x |2 = min
ξ

Ez∼µ̃

[
Var(x | ξ(x) = z)

]
.

Moreover, for a fixed encoder ξ, the optimal decoder is given by

φξ(z) = Ex∼µ(x | ξ(x) = z) , ∀ z ∈ Rk . (14)
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Characterization (2)

By first optimizing ξ, we directly get the following result.

Proposition

min
φ

min
ξ

Ex∼µ|φ(ξ(x))− x |2

= min
φ

Ex∼µ|φ(ξφ(x))− x |2 ,

where
ξφ(x) = arg min

z∈Rk
|φ(z)− x |, ∀ x ∈ Rd . (15)

To summarize, the optimal autoencoder satisfies the self-consistent condition:
1 φ(z) = Ex∼µ(x | ξ(x) = z), z ∈ Rk

2 ξ(x) = argminz∈Rk |φ(z)− x | , x ∈ Rd .
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