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Sampling tasks

In many applications, we want to sample from a target distribution piarge:-

@ simple, e.g. uniform distribution, Gaussian distributions
— direct sampling (independent samples)

@ known up to a constant, e.g. Boltzmann distribution: Ze=#Y(X)
= sampling SDEs, Markov chain Monte Carlo (MCMC)

@ unknown, but data is available, e.g. images
= generative modeling
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Generative modelling

Different approaches:

@ Variational AutoEncoders (VAES)

@ Generative Adversarial Networks (GANSs)
@ Normalizing Flows (NFs)

© Diffusion generative models

@ Flow-based generative models
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Score-based diffusion models

Time interval: [0, T]. pyior is @ simple distribution.

@ forward process X;:
XO ~ Prarget — XT ~ p(a T)

@ backward process Y;:
YO ~ P(> T) — YT ~ Prarget-
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Score-based diffusion models

Time interval: [0, T]. pyior is @ simple distribution.

@ forward process X;:
XO ~ Prarget — XT ~ p(a T)

@ backward process Y;:
YO ~ P(> T) — YT ~ Prarget-

Steps:

@ choose a forward process X;
linear SDE = p(-, T) is (approximately) Gaussian Pprior-

@ learn SDE of the backward process Y;

© generate new data: sample Yy ~ pyrior and simulate the backward
process to get Yr
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Part 2: Forward process
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Forward process

SDE in R
aX; :f(Xt, t) at + O'(t)dBt R

XO ~Po = Prarget -

telo,T],
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Forward process

Fokker-Planck equation

op .1
a*’ctpv tG[O,T],

p(x,0) = po(x) .

L; is the generator of (1) at time ¢:

02
(£@)x) = 1(x.1)- Ve + T 0agr). g vk,
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Forward process

Fokker-Planck equation

op .1
ﬁ*’ctpv té[OvT]a

p(x,0) = po(x) .

L; is the generator of (1) at time ¢:

(£:9)(x) = f(x, 1) - Vg(x) + Z

and L/ is the adjoint operator of £;:

(£{ g)(x) = —div(f(x, )g(x)) +
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Example: Linear SDEs

dXt = —Oé(t)Xtdt + vV B(t)dB[,
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Example: Linear SDEs
dX; = —a(t)Xedt + +/B(t)dB:,

t
Xp= e Jo©)dsxy 4 / e~ e\ /5(s)aBs .
0

@ For fixed Xy = xo, X; is Gaussian:

t
Xi ~ N(ef ~ft)["‘(s)dsxo,n2(t)1d> ., where 72(t) = / efzfs[a(')drﬂ(s)ds.
0
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Example: Linear SDEs

dX; = —a(t)X,dt + /B(1)dB;,

t
Xp= e Jo©)dsxy 4 / e~ e\ /5(s)aBs .
0

@ For fixed Xy = xo, X; is Gaussian:

t
Xi ~ N(ef ~ft)["‘(s)dsxo,n2(t)1d> ., where 72(t) = / efzfs[a(')drﬂ(s)ds.
0

t
_g 1 |X7e7 fo a(s)dsX0|2

T on(02
e 2n() s

— p(x, tlxo) = (2mn(1)?)

x e RY.
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Linear SDEs

Fokker-Planck equation:

op
ﬁ—ﬁ

p(x,0) = po(X) -

(p, tel0,T],
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Linear SDEs

Fokker-Planck equation:

op
B =L/p, telo,T], (5)
p(x,0) = po(x).

@ When po(x) = d(x — xo),

|X e f u(s)dsxolz

p(X7 t) = p(Xv t‘XO) = (27T772(t)) e 2'
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Linear SDEs

Fokker-Planck equation:

op
8t EtP? tE[OvT]v
p(x,0) = po(X) .

@ When py(x) = 6(x — Xxo),

|Xe

px, 1) = p(x, tixe) = (2m2(1) " *e” 70
@ For general py,
px.) = | p(x.thxo)po(c)obo.
Rd

I

a(s)ds

Xo|2
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Part 3: Backward process
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Time-reversal

Define

Q(X7 t) = p(X7 T— t)7

Vtel0,T].
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Time-reversal

Define
gix,t)y=p(x, T—1t), Vte]lo,T]. (6)

q is the probability density of the following SDE
dYy=f~(Y, t)dt+ o~ (t)dB;, te][0,T], @)
YO Np(7 T) 5)
where
(X, ) =—f(x, T—t) + c*(T — )VInp(x, T — t) @®
o (t)=o(T —1).
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Time-reversal

Define
gix,t)y=p(x, T—1t), Vte]lo,T]. (6)

q is the probability density of the following SDE
aYi=f—(Y,t)dt+o (t)dB:, te]0,T],

YO Np('v T)7 (7)
where
(X, ) =—f(x, T—t) + c*(T — )VInp(x, T — t) @®
o (t)=c(T-1). )
Proof.

p solves Fokker-Planck equation associated to X;. Using this fact to show that
q solves the Fokker-Planck equation associated to Y;. O
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Backward process

From the previous theorem:
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Backward process

From the previous theorem:

@ (backward) process Y::  p(-, T) = Po = Prarget-
© SDE is known.
av; :(_ F(Ye T—t)+02(T—)Vinp(Ye, T — t)) dt + o(T — t)dB,

13/23



Backward process

From the previous theorem:

@ (backward) process Y::  p(-, T) = Po = Prarget-
@ SDE is known.

av; :(_ F(Ye T—t)+02(T—)Vinp(Ye, T — t)) dt + o(T — t)dB,

@ Coefficients depend on V In p (score function).
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Part 4: Learning the score function
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Overall method

Given: dataset sampled from some (Unknown) Prarget-

15/23



Overall method

Given: dataset sampled from some (Unknown) Prarget-
Goal: train the model on dataset to generate new data.

15/23



Overall method

Given: dataset sampled from some (Unknown) Prarget-
Goal: train the model on dataset to generate new data.

Recall the steps:

@ choose a forward process X;
linear process = p(-, T) is (approximately) Gaussian Pprior-

15/23



Overall method

Given: dataset sampled from some (Unknown) Prarget-
Goal: train the model on dataset to generate new data.

Recall the steps:

@ choose a forward process X;

linear process = p(-, T) is (approximately) Gaussian Pprior-

@ learn SDE of backward process Y; <= learn the score V In p.

15/23



Overall method

Given: dataset sampled from some (Unknown) Prarget-
Goal: train the model on dataset to generate new data.

Recall the steps:

@ choose a forward process X;

linear process = p(-, T) is (approximately) Gaussian Pprior-

@ learn SDE of backward process Y; <= learn the score V In p.

© sample Yy ~ pyrior and simulate Y; to get Yr
- YT ~ Q(, T) = P(’O) = Pharget

15/23



Starting point
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Starting point

Clearly, the score V In p solves the minimization problem:

. 1 »

o e U TD (-0 [51utx. ) = ¥ Inp(x, 0) Pw(t)] (10)

1 /7 1

_ i 7/ (/ 5|U(x, t) = Vinp(x, f)|2p(X» t)dx)w(t)dt} 7
0 R 2

-_lde;Bi?]»Rd’:T

where w(t) : [0, T] — R* is a weight function.
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Starting point

Clearly, the score V In p solves the minimization problem:

. 1 2
R L Etvuo, ) Ex~p(-.1) [5 lu(x,t) = Vinp(x, 1)| W(t)]

1 (10)

.
) 1 2
S {T/o (/Rd5 u(x, t) — Vinp(x, t) *p(x, z‘)dx)w(t)dt},

where w(t) : [0, T] — R* is a weight function.

However, (10) is not useful because the density p is unknown.
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Loss objective

Recall that
p(x. 1) = / U tho)po(x0) o
R
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Loss objective

Recall that
p(x. 1) = / U tho)po(x0) o
R

and, for linear SDEs, we have

-t
|X—C_ /0 cv(s)ds)(0 ‘2

p(x, tixo) = (2m2(1)) fe #4m
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Loss objective

Recall that
p(x. 1) = / U tho)po(x0) o
R

and, for linear SDEs, we have

-t
|X—C_ /0 cv(s)ds)(0 ‘2

p(x, tlxo) = (2mrP(t)) e 20

Idea: replace p(x, t) in the loss by p(x, t|xo).
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Loss objective

/oT {/Rd % |u(x, t) = ViInp(x, t)?p(x, t)dx} w(t)at
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Loss objective

_ Vp(x, 1) ‘2
p(x, t)

p(x, t)dx} w(t)dt
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Loss objective

— Vinp(x, H)2p(x, t)dx} w(t)dt

u(x, f) - t)‘zp(x t)a| w(t)at
p( 1) ’

u(x, H2p(x, t) — u(x, t) - Vp(x, t) + =

I
Nﬁh

[l
.2
/.G
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Loss objective

I
c\ﬁh%

T

/E ~ VInp(x, 1)p(x, tydx |w(t)at
. 1u(xt vt t;’\zp(x,t)dx} w(t)dt

/ ( u(x, )2p(x, t) — u(x, t) - Vp(x, t)+;vlf((;(’tt))2)dx} w(t) dt

[ (3lutx.02p0x, )~ u(x. ) Vo) o] wityet + 1.

where C; is a constant independent of w.
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Loss objective
Using p(x, t) = [zs P(X, t|Xo)Po(Xo)dXo, we derive
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Loss objective
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Loss objective

Using p(x, t) = [zs P(X, t|Xo)Po(Xo)dXo, we derive

/0 ' [ /R , (§\U(X7 t)Pp(x, t) — u(x,t) - Vp(x, t))dx] w(t)dt

-/ [ (RletxnF [ e oo

—u(x, t) - / VX, txo)po(x6)do ) o | wit)el
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Loss objective

Using p(x, t) = [zs P(X, t|Xo)Po(Xo)dXo, we derive

/OT [/Rd (§\U(X7 HPp(x, t) — u(x,t) - Vp(x, t))dx} w(t)dt
LILG

—u(x, t) / Vp(x, t|x0)p0(x0)dxo)dx} w(t)ot
L1
J

' /Rd /Rd u(x, DI — u(x, t) - Vin p(x, t|x0))p(x, t|x0)po(x0)dxodx} w(t)dt

u(x O [ p(x. tixpo(o)b

d/d u(x, H)[2p(x, tixo) — u(x, t) - Vp(x, t|xo))po(xo)dxodx} w(t)dt
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Loss objective

Using p(x, t) = [zs P(X, t|Xo)Po(Xo)dXo, we derive
/OT [/Rd (E\u(x, )Rp(x, ) — u(x, 1) - Vp(x, 1)) o] w(t)ot
LG
—u(x,t) / Vp(x, t|x0)po(xo)dxo)dx} w(t)dt
oT [/Rd /Rd
LIL
f U Lzl

= u(x O [ p(x. tixpo(o)b

/
/

x, Pp(x, t|xo) — u(x, t) - Vp(x, t|xo))po(xo)dxodx} w(t)dt

-

d

=l
=

(31

d (% u(x, D — u(x, 1) - 7 In p(x, tx0) ) (X, thxo)polx0) drocie| w(t)ol
1
Pk

u(x,t) — Vinp(x, t|x0)‘ (x, t]x0)po (xo)dxodx] w(t)dt + C»
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Loss objective

Using p(x, t) = [zs P(X, t|Xo)Po(Xo)dXo, we derive

/T [/Rd (E‘”(Xv HIp(x, t) — u(x, t) - Vp(x, t))dx] w(t)dt

0
,
LG

—u(x, 1) / V(x. tx0)po(x0)d ) x| w(t)ot

I L
LG
J L
/

u(x O [ p(x. tixpo(o)b

~u(x, H)Pp(x, txo) — u(x, t) - Vp(x, t|xo))po(xo)dxodx} w(t)dt

-

%|u (6, 1) — u(x, 1) Vn p(x, Hxo) ) P(x, Hxo)po(30) o] w(t)ct

d

1L

’
=TEr~U([o,T])EXO~poEx~p<x,r|xo>[5\( f) — VInp(x, t)x0)[*w t)}+Cz

d

=l
=

N = A

u(x, t) — Vinp(x, t|x0)‘ (X, t|%0)Po (xo)dxodx] w(t)dt + C

d

=
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Loss objective

Using p(x, t) = [zs P(X, t|Xo)Po(Xo)dXo, we derive

/0 ' [ /R ) (§\U(X7 12p(x, 1) — u(x, t) - Vp(x, t))dx] w(t)dt
.
=) L)L

1
E\U(XJ)\Z/ p(X, t|X0)po(Xo)dXo
R

—u(x, 1) / V(x. tx0)po(x0)d ) x| w(t)ot

I L
LG
J L
/

~u(x, H)Pp(x, txo) — u(x, t) - Vp(x, t|xo))po(xo)dxodx} w(t)dt

-

%|u (6, 1) — u(x, 1) Vn p(x, Hxo) ) P(x, Hxo)po(30) o] w(t)ct

d

1L

’
=TEr~U([o,T])EXO~poEx~p<x,r|xo>[5\( f) — VInp(x, t)x0)[*w t)}+Cz

d

=l
=

N = A

u(x, t) — Vinp(x, t|x0)‘ (X, t|%0)Po (xo)dxodx] w(t)dt + C

d

=

= TEx 0.7y ErgoBxpt i) | (1606, OIF = u(x, 1) - I p(x, thxa) Y wit)] + G,

where C,, C3 are constants independent of u.
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Loss objective

To summarize, we have obtained the following result.
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Loss objective

To summarize, we have obtained the following result.

Proposition

Foru:RY x [0, T] — RY, we have

’
Et~u(o, 1) Ex~p(- 1) [E}U(X, t) = Vinp(x, f)\ZW(T)}
|2

.
=Et~ (0,71 Exo~po Exp(-tlx0) [§|U(X, t) = Vinp(x, t|x) W(l‘)] + G

1
~Ereeti0, 1) EsommnExpi ) | (51606 D2 = u(x, ) - Vn p(x, t1x0) ) w(t)] + Cs,
(11)

where C,, C3 are constants independent of u.

v
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Practical issue

Loss function:

1
Loss(u) = Ervu(io, ) By Expt10) | (51606 P =u(x, 1)-V In plx. tixo) ) w(t)]
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Practical issue

Loss function:

1
LOSS(U) = EtNU([O,ﬂ)]EXoNPUEXNP(-J\Xo) [(2 |U(X, t)|2*U(X, t)~V In ,O(X, t|X0)) W(t)} .

Numerical issue: V In p(x, t|xp) diverges as t — 0.
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Practical issue

Loss function:

1
Loss(u) = Ervu(io, ) By Expt10) | (51606 P =u(x, 1)-V In plx. tixo) ) w(t)]

Numerical issue: V In p(x, t|xp) diverges as t — 0.

@ Draw t ~ U([e, T]) with e > 0.
@ use perturbed data < approximate p(x, t|xo)
© choose w(t) such that w(t) - 0ast— 0.

21/23



VESDE




VESDE
@ SDE dX; = \/B(t)dB;, where 0 < fmin < 7jmax and

=B () () om0
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VESDE
@ SDE dX; = +/B(t)dB;, where 0 < 1min < Tmax and

-5 () (). om0

Q X.=Xo+ [, V/B(s)dBs —> X,NN(xo,nZ(t)1d),where

n(t) = (/Otﬁ(s)ds); . (nmax)zz/r .
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VESDE
@ SDE axX; = \/WdBt, where 0 < Nmin < Mmax and

-5 () (). om0

Q X.=Xo+ [, V/B(s)dBs —> X,NN(xo,nZ(md),where

n(t) = (/Otﬁ(s)ds); . (nmax)zz/r o,

@ When Xo ~ N(x0,72;,14),

t
Xt = (xo + 77minz) "‘/0 mst ~ N(Xo’ﬁz(t)1d)

where z ~ N(0,14) and
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VESDE
@ SDE dX; = +/B(t)dB;, where 0 < 1min < Tmax and

-5 () (). om0

Q X.=Xo+ [, V/B(s)dBs —> X,NN(xo,nZ(md),where

n(t) = (/Otﬁ(s)ds); . (nmax)zz/r o,

'min

Q When Xo ~ N(x0, 73,14);
t
Xt = (X0 + 7minZ) +/0 VB(8)dBs ~ N (X0, 7 (t)14)
where z ~ N(0,14) and

tT
~ _ 2 2. — . nmax
n(t) 17 (t) + nmm 771'111{1(77 ) .

'min
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VESDE

@ Forward process:

Xt = (Xo + 1minZ) + /t VB(8)dBs ~ N (%0, 77 (t)1a)
0

_d
2

whose density is B(x, t|xo) = (2r72(t))  2e~2lx—%l/7 (1), where

t)T
2 —_ . Tmax
T](t) = TImin (nmin )
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VESDE

@ Forward process:

Xt = (Xo + 1minZ) + /Ot VB(8)dBs ~ N (%0, 77 (t)1a)

_d -
whose density is B(x, t|xo) = (2r72(t))  2e~2lx—%l/7 (1), where
) tT

(t) = in (222)

Q x ~ p(-, t|xo) = x = Xo + 7j(t)z, where z ~ N(0,1y).
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VESDE

@ Forward process:

Xt = (Xo + 1minZ) + /t VB(8)dBs ~ N (%0, 77 (t)1a)
0

_d
2

whose density is B(x, t|xo) = (2r72(t))  2e~2lx—%l/7 (1), where

; tT
(0) = i (222

Q@ x ~ P(- t|x) = x = xo + 7i(t)z, where z ~ N(0, ).

© Choose w(t) = 7(t), we obtain

1 .
Loss(t) =Erwu(o, 1) EsomExp..) | (51606 O = u(x, 1) - VinB(x, tlx0) ) w(t)]
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VESDE

@ Forward process:

Xt = (Xo + 1minZ) + /t VB(8)dBs ~ N (%0, 77 (t)1a)
0

_d
2

whose density is B(x, t|xo) = (2r72(t))  2e~2lx—%l/7 (1), where

; tT
(0) = i (222

Q@ x ~ P(- t|x) = x = xo + 7i(t)z, where z ~ N(0, ).

© Choose w(t) = 7(t), we obtain

1 .
Loss(t) =Erwu(o, 1) EsomExp..) | (51606 O = u(x, 1) - VinB(x, tlx0) ) w(t)]

1 X— X0\ .
v 1B Brestng | (51006 0 + ) )0
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VESDE

@ Forward process:

Xt = (Xo + 1minZ) + /Ot VB(8)dBs ~ N (%0, 77 (t)1a)

_d
2

whose density is B(x, t|xo) = (2r72(t))  2e~2lx—%l/7 (1), where

; tT
(0) = i (222

Q@ x ~ P(- t|x) = x = xo + 7i(t)z, where z ~ N(0, ).

© Choose w(t) = 7(t), we obtain

1 .
Loss(t) =Erwu(o, 1) EsomExp..) | (51606 O = u(x, 1) - VinB(x, tlx0) ) w(t)]

1 X — X0\ .2
:E,NU([QH)EXONpOEXNﬁ(.J‘XO) |:(§|U(X7 t)|2 + u(x,t)- ﬁ(f)z )’r] (f)]
u(x,t)-z

1 .
=Etu(o, 1) Erompo Bzmnr(0,19) {(ju()@ HI? + W)nz(f)]
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