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Part 1: Recall the previous lecture
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Generative modeling

Different approaches:

@ Variational AutoEncoders (VAES)

@ Generative Adversarial Networks (GANSs)
@ Normalizing Flows (NFs)

© Diffusion generative models

@ Flow-based generative models
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Score-based diffusion models

Time interval: [0, T]. pyior is @ simple distribution.

@ forward process X;:
XO ~ Prarget — XT ~ p(a T)

@ backward process Y;:
YO ~ P(> T) — YT ~ Prarget-

Steps:

@ choose a forward process X;
linear SDE = p(-, T) is (approximately) Gaussian Pprior-

@ learn SDE of the backward process Y;

© generate new data: sample Yy ~ pyrior and simulate the backward
process to get Yr
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Time-reversal

Define
q(Xat):p(X7T7t)a VtG[O, T]

q is the probability density of the following SDE
aYi=f~(Y,t)dt+o~(t)dB;, te][0,T],
YO Np(a T)7
where
f=(x,t)=—f(x, T—t) + o*(T - t)VInp(x, T — 1)
o (t)=c(T —-1).
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Loss objective

Proposition

Foru:RY x [0, T] — RY, we have

1 2
Etu(io, 1) Ex~p(-,t) [é}U(X, t) — Vinp(x, t)] W(t)}
1 2
=Et~u(10, 1) Exo~po Ex~p(- t10) [§|U(Xa t) — Vin p(x, t[x0)] W(t)] + Co
1
=Ei~u(io, 1) Exo~po Exmp(-,t1x0) [<§|U(X, HiP — u(x,t)- Vinp(x, f\Xo)> W(t)} + Cs,

where C,, C3 are constants independent of u.
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VESDE

@ Forward process:

Xt = (Xo + 1minZ) + /Ot VB(8)dBs ~ N (%0, 77 (t)1a)

_d
2

whose density is B(x, t|xo) = (2r72(t))  2e~2lx—%l/7 (1), where

; tT
(0) = i (222

Q x ~ p(-, t|x) = x = xo + 7i(t)z, where z ~ N(0, ).

© Choose w(t) = 7?(t), we obtain

1 .
Loss(t) =Ewu(o, 1) EsomExp..) | (51606 O = u(x, ) - Vin B(x, tlx0) ) w(t)]

1 X — X0\ .2
:E,NU([QH)EXONpOEXNﬁ(.J‘XO) |:(§|U(X7 t)|2 +u(x,t)- ﬁ(f)z )’r] (f)]
u(x,t)-z

1 .
=Etu(o, 1) Erompo Bzmnr(0,19) {(ju()@ HI? + W)nz(f)]
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Part 2: Dirac delta function
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Dirac delta function

Definition
We define the Dirac delta function 4(x) such that

/ 5(x)f(x)dx = £(0) (4)
RY

for any bounded continuous function f : R? — R.
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Dirac delta function

Definition
We define the Dirac delta function 4(x) such that

/ 5(x)f(x)dx = £(0) (4)
RY

for any bounded continuous function f : R? — R.

We have the following two identities.
@ Forany xy € RY, we have

/Rd d(x — xo)f(x)dx = f(xo) . (5)
Q [rod(x)dx=1.
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Dirac delta function

@ J(x — xo)dx can be viewed as the probability distribution where the
probability is one at x = xy and is zero elsewhere.
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Dirac delta function

@ J(x — xo)dx can be viewed as the probability distribution where the
probability is one at x = xy and is zero elsewhere.

@ Intuitively, delta function can be thought as the limit of Gaussian density

|x|2

Vo (X) = (2n0?) " %e" 22, xeRY (6)

as o — 0+. In fact, for a bounded smooth function f : RY — R,

lim f(X)s(x)dx = f(0) = [ d(x)f(x)dx. (7)

o—0+ JRd Rd
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Dirac delta function

Consider a C'-smooth map ¢ : R? — R, where 1 < k < d. We will often use
the integral

f(x)o(z — £(x))dx, (8)

RY

where z € RX.
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Dirac delta function

Consider a C'-smooth map ¢ : R? — R, where 1 < k < d. We will often use
the integral

f(x)o(z — £(x))dx, (8)

RY

where z € RX.

For two test functions f : RY — R and g : R* — R, we have

[ foogteenax= [ ([ 100z - ojax)g@ez. @
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Linear map &

@ Letx = (y,2) € R?, where y ¢ R and z € RX.
@ Linear map &(x) = £(y, z) = z, for x € RY,

12/24



Linear map &
@ Letx = (y,2) € R?, where y ¢ R and z € RX.
@ Linear map &(x) = £(y, z) = z, for x € RY,

Then,
/ f(x")é(z — &(x"))dx

// f(y',2)o(z - 2')dy'dZ
Rk JRA—kK

_/de( fy',2)0(z — 2)dz') oy’

/fy z)dy'.
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Part 3: Conditional expectation
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Marginal density

Assume that X is a random variable in R whose probability density is p(x).
Then, Z = £(X) is a random variable taking values in RX.
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Marginal density

Assume that X is a random variable in R whose probability density is p(x).
Then, Z = £(X) is a random variable taking values in RX.

The probability density of Z = £(X) is given by

Q(z) = /Rd p(x)é(z — £(x))dx, zeR-. (10)
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Conditional expectation

Definition
Let z € R and f : RY — R, we define the expectation of f(X) conditioned on
the event that ¢(X) = z as

 Je TO0S(E(X) — 2)p(x)

Q(2) ’ ()

E(A(X)[¢(X) = 2)

where Q(z) is defined in (10).
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Conditional expectation, linear case

Consider the linear map £(x) = z, where x = (y, z2) €

R9. We can derive

/ (05600 — 2px)c = [ 1y, 2)p(y. 2)ly

:/ p(y,z)dy .
RAI—k
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Conditional expectation, linear case

Consider the linear map £(x) = z, where x = (y, z) € R9. We can derive

[ 1003t = ek = [y 21p(y. 2)oy

RI—K

(12)
Q@) - [ ety 2.
Therefore, in this case, the conditional expectation is
_f(y,2)ply,z)d
BUX)IE(X) = 2) = Lt (2P0 2)d (13)

Jga—x P(y, 2)dy
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Conditional expectation

Proposition (Law of total expectation)

For a test function f : R — R, we have

E(f(X)) = Ezva(E(F(X)[6(X) = 2)) (14)
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Conditional expectation

Proposition (Law of total expectation)

For a test function f : R — R, we have

E(f(X)) = Ezva(E(F(X)[6(X) = 2)) (14)

Given a function f : RY — R, we define
f(z) =E(fX)|e(X) =2), zeRk (15)

Then, for any g : R¥ — R, we have

E(|#(X) - 0P < E(I10) - a(e(X)P) (16)

17 /24



Part 4: Flow-based generative models
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Setup

@ Target density p1 = Prarger ON RY.

@ Prior density py on R, typically a Gaussian density, is chosen.

© Define p(-, t) as the probability density of

X; = (1 — t)Xo + tX4 . where Xo ~ po and X~ pPi.

Then,
p('70):p07 p(71):p1
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Setup

@ Target density p1 = Prarger ON RY.

@ Prior density py on R, typically a Gaussian density, is chosen.

© Define p(-, t) as the probability density of

X; = (1 — t)Xo + tX4 . where Xo ~ po and X~ pPi.

Then,
p('70):p07 p(71):p1

Idea: learn an ODE oY
t J—
o u(Yt), telo,1]
such that, when Yy ~ po, then Y; ~ p(-, t) for any t € [0, 1].
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Continuity equation

Denoted by q(-, t) the probability density of

av,
W_U(Yf7t)7 t€[0>1]

Recall that g satisfies the continuity equation

oqg .,
ot " div(ug) = 0.

(20)
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0)=f(-,1)=0.
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0)=f(-,1)=0.

1
/ f(x 8p(x D gt / O 1) b tydixt
R 0 R 3T
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0)=f(-,1)=0.

1
/ f(x ap(x D gt / O 1) b tydixt
R 0 R 3T

=-/ (g’;(x“ D)ot
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0)=f(-,1)=0.

1
/ f(x ap(x D gt / O 1) b tydixt
R 0 R 3T

=-/ (g’;(x“ D)ot

! aX;
_ _/O E(E(Xt,t) VI, St
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0) =f(-,1) =0.

1
/ f(x )dxdt / O 1) b tydixt
RrRd 0 R 8t

:_/ (g';(x“ D))at
:_/0115(&(&,0 Vi, 0)- D)t

_ /01 E(VA(X, 1) (X — X))ot
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0) =f(-,1) =0.

/ [ fxt )dxdt /O ‘ ) 8f(8xz‘ ) ix et
- / (g;(Xn f)) ot
:_/O1E(E(Xt,t) V0t D
:/01 B(VAXi 1) - (X — X))o

_ /0 Ernen [B(9H06 1) - (6 — X)X = x)] ot
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0) =f(-,1) =0.

/ [ ot )dxdt /O 1 B of (8’; D o(x, t)dxat
:_/ (g';(x“ D))at
:_/0115(&(&,0 Vi, 0)- D)t
:/01 E(VAOG, 1) - (% — X))t
1
_ /0 Eeepten [E(VH0G, 1) (% — X6)|X; = x) |t

;
:/ Vi(x, 1) - E(X; — Xo| X = x)p(x, t)dxat
0 JRrd
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Equation of p

Let f € RY x [0,1] — R be C'-smooth with compact support and
f(-,0) =f(-,1) =0.

/ [ ot )dxdt /O 1 B of (8’; D o(x, t)dxat
Sy
_ /01 E(E(Xt, f) — V(X 1) - %)dt
:/01 E(Vf(Xt, 1 (X — Xo))dt
1
_ /0 Eeepten [E(VH0G, 1) (% — X6)|X; = x) |t
= /1 Vi(x, 1) - E(X; — Xo| X = x)p(x, t)dxat
0o JRrd

1
- / f(x, t)div (JE(X1 — Xo|Xe = X)p(x, t)) dxat,
R
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Equation of p

To summarize, we have obtained

Proposition

The probability density p(x, t) of X; solves the equation

op(x,t .
% + d1v(]E(X1 — Xo| X = x)p(x, t)) =0

in a weak sense.
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Equation of p

To summarize, we have obtained

Proposition

The probability density p(x, t) of X; solves the equation

Ip(x, 1)

Ly div(]E(X1 — Xo| X = x)p(x, t)) —0

in a weak sense.

Therefore, we can choose u(x, t) = E(X; — Xo| X; = X).
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Loss objective

Idea: Define a loss objective, whose minimizer is E(X; — Xo|X; = X).
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Loss objective

Idea: Define a loss objective, whose minimizer is E(X; — Xo|X; = X).

| Bamaten (J005) ~ B~ 6l = 1))
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Loss objective

Idea: Define a loss objective, whose minimizer is E(X; — Xo|X; = X).
! 2
/ EXNP(X’t)(|u(X7 f) — E(X1 — Xo}Xt = X){ )df
0

1
:/ EXNP(XJ)OU(X’ t)|2 — 2U(X, t) . E(X1 — X()|Xt = X))dt-i— C
0
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Loss objective

Idea: Define a loss objective, whose minimizer is E(X; — Xo|X; = X).
! 2
/ EXNP(XJ)(|U(X7 f) — E(X1 — Xo}Xt = X){ )df
0
;
:/ Exmp(x,t) (|u(x HIF —2u(x, ) - E(Xi — Xo| X; :X))dt—i— C
0

:/01 JEXN,,X,)[ (|u(X,, 12— 2u(Xe, £) - (X —Xo)‘X,:x)]dtJrC
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Loss objective

Idea: Define a loss objective, whose minimizer is E(X; — Xo|X; = X).

/1 Expton (|00 1) = E(X) = Xo| Xe = x)[*) o

.
/ Exmp(x,t) |ux t)[? 2u(x,t)-E(X1—X0|thx))dt+C

o

1
[ Bt [B(1u% 01F 206,606 = X)X = %) dt + €
0

’
/ Ex,~po, X1~p1 ((1 — HXo + X4, ) (X1 — Xo)|2) dat+ C
0
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Loss objective

Idea: Define a loss objective, whose minimizer is E(X; — Xo|X; = X).

/1 Expton (|00 1) = E(X) = Xo| Xe = x)[*) o

.
/ Exmp(x,t) |ux t)[? 2u(x,t)-E(X1—X0|thx))dt+C

o

4
/ IE'E)(prt |U Xta )|272U(Xt7 t)(X1 on)‘X,:x)]dtJrC
0

’
/ Ex,~po, X1~p1 ((1 — HXo + X4, ) (X1 — Xo)|2) dat+ C
0

Final loss:

LOSS(U) = Et~U[O71]]EX0~pg,X1~p1 (|U((1 — f)Xo + tX1, f) — (X1 — X0)|2) . (22)
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Extension: General “interpolant”

Define
Xf = /T(X()a X1) ’ where XO ~ Po,

with h(x,y) = x and h(x,y) =y.

X1 ~ P,
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Extension: General “interpolant”

Define
Xt = (X0, X1), where Xo ~ po, Xi ~ p1, (23)

with h(x,y) = x and h(x,y) =y.

Proposition

Density p(x, t) of X; in (23) solves

Iop(x, 1)
ot

+ div(E(0rh(Xo, X1)|X; = X)p(x, 1)) = 0.
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Extension: General “interpolant”

Define
Xt = (X0, X1), where Xo ~ po, Xi ~ p1, (23)

with h(x,y) = x and h(x,y) =y.

Proposition

Density p(x, t) of X; in (23) solves

Iop(x, 1)
ot

+ div(E(0rh(Xo, X1)|X; = X)p(x, 1)) = 0.

Loss function:

Loss(U) = Et ujo,11Exo~p0,X; ~p: <|U(/t(X07 X1),t) — 0th(Xo, X1)‘2) .
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